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Abstract 

In 1974 P. Lax introduced an algebro-analytic mechanism similar to 
the Lax L-A pair. Using it we prove global existence and uniqueness 
for solutions of the initial value problem for mKdV in classes of smooth 
functions which can be unbounded at infinity, and may even include func- 
tions which tend to infinity with respect to the space variable. Moreover, 
we establish the invariance of the spectrum and the unitary type of the 
Schrodinger operator under the KdV flow and the invariance of the spec- 
trum and the unitary type of the impedance operator under the mKdV 
flow for potentials in these classes. 

Mathematics Subject Classification 2000: 34A12, 35053, 37K40 
Keywords: KdV, modified KdV, spectra of Schrodinger operators 

1 Introduction 

The purpose of this work is to solve the modified Korteweg - de Vries equation 
(mKdV) on the line 

n - Gr'^Tx + r^xx = (1) 
r\t=o = ro (2) 

in various classes of smooth functions (possibly) unbounded at -l-oo and/or — oo. 
Equation ^ is closely related to the celebrated Korteweg - de Vries equation 
(KdV), 

qt - &qqx + qxxx = (3) 
and is a model equation for wave propagation. 
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Let J = (a, 6) C R with — oo < a < b < oo. For any given /3 G K denote by 
S/3{I X R) the hnear space of C°° (/ x M) functions having asymptotic expansions 
at +00 and —00 (cf. [3]) 



r{t,x) ~ ^ a^(t)x^'= as a; 00 (4) 
fe=o 



and 



r(i, x) ^ Oj, (t)(-.T)'^'= as a; -00 (5) 
where £ C°°{I) and P — > Pi > ... with lim = —00. By definition, 

— >oo 

the relations ([4]) and ([5|) mean that for any compact interval J C / and any 
> 0, i,j > 0, there exists a constant Cj^N,i,j > such that for any ±x > 1 
and t e J 



N 



a±(t)(±x)'''=) I < Cj^N.,j\xf''+'~' ■ (6) 



For an arbitrarily chosen formal series J^kLo ^ referred to as a sym- 

bol in the theory of pseudodifFerential operators, there exists a function r G 
C°°{I X M) satisfying (|4]) and (O (see for example [211 Proposition 3.5]). Anal- 
ogously one defines the linear space 5^3 (K) as the space of functions r G C°°(M) 
having asymptotic expansions r(x) ~ '^'kLo '^k (^^)^'' x —f ±00 where 
are given constants, (3 = (3o > f3i > ... and lim Pk = —00. 

k — ^00 

In this paper we first prove the following results about the initial value 
problem (P)-©. 

Theorem 1.1. For any P < 1/2 and for any initial data tq G there ex- 

ists a solution r G 5/3(R x R) of the initial value problem ([2P-@)- The solution 
r is unique in the class of solutions of fiP-® *^ >5^(R x R). Moreover, the 
coefficients a^{t) in the asymptotic expansion of the solution r{t,x) are inde- 
pendent oft and are equal to the coefficients in the asymptotic expansion of 
the initial data tq. 

Note that the solution r is global in time which will be also the case for all 
results formulated below. 

By the same method of proof we obtain similar results for the larger spaces 
of functions O/j (/ x R) and 0/3 (/ x R) which arc (possibly) unbounded at infinity. 

Let I — {a,b) C M. with —00 < a < b < 00. For any given /3 G R denote by 
Op{I x R) the linear space of functions r{t, x) in C°°{I x R) such that for any 
compact interval J I and any fc, ^ > there exists a constant Cj^k,i > such 
that for any |a;| > 1 and any t E J 

\d!^dirit,x)\<Cj,k,i\xf'K 
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Analogously one defines the linear space OjsCB.) as the space of functions r{x) 
in C°°(M) such that for any I > there exists C; > such that for any \x\ > 1, 
\dir{x)\ <Ci\xf-K 

We will also consider the following spaces. For any given /3 G R denote by 
op{I X M) the linear space of functions r{t,x) in C°°{I x R) such that for any 
compact interval J ^ I and any /c, Z > 

d^dir{t,x)=o{\xf-') 

uniformly in t G J. In the same way as above one defines the space o^(R). 
Clearly the following inclusions hold: 

5^(7 X R) C Opil X M), opil X M) C Ofi{I x R). 

Theorem 1.2. For any /3 < 1/2 and for any initial data tq £ OpiM) there 
exists a global in time solution r G 0/3(R x R) a solution r G 0/3(R x R) o/ the 
initial value problem (ip-®- The solution r is unique in the class of solutions 
of (Ml-W in Ofj{R X R). 

Theorem 1.3. For any /? < 1/2 and for any initial data rp G o^(R) there exists 
a solution r G o^(R x R) of the initial value problem (Op-f^i- The solution r is 
unique in the class of solutions of in o^(R x R). 

Remark 1.4. Note that for G iS/3(R) with (3 — > 1/2, with an asymptotic 
expansion of the form 

oo 

faix) ^ o,'^^^'' as X ^ +oo 

with a'^ 7^ 0, no formal solution and therefore no solution of mKdV in Sp (R x R) 
exists. 

Remark 1.5. In fact, the uniqueness in all Theorems HOI \1.3\ holds if we 
only require r G Oi/2(R x R) which is the largest class where the existence is 
claimed in these theorems. So if we only require r G Oi/2(R x R) and take the 
initial condition tq in Sp{R), Of}(M.) {(3 < 1/2) or o^(R) (/? < 1/2), then we 
will automatically have r G iS^(R x R), Op{E. x R) or o^(R x R) respectively. 

Results for KdV similar to the ones stated for mKdV in Theorems II. 1[ 11.21 
and 11.31 have been obtained in a series of papers [51 [31 [H [S] - see Appendix 
B where, for the convenience of the reader, we give a short summary of these 
results. In fact, we construct our solutions of mKdV with the properties stated 
in the above theorems by applying to the solutions of [21 [31 [H [S] an inverse of the 
Miura map. Recall that the Miura map r t-^ B{r) := r^ + r^, first introduced 
in [in], maps smooth solutions of mKdV to smooth solutions of KdV. However, 
the Miura map is usually neither 1-1 nor onto. This is, for example, the case 
when B is considered as a map H'j'^^{R) i?/^;:^(R) with /3 > HI]. In this 
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case, the preimage of an element in H^^~^{'M.) is either the empty set, a point 
or a set homeomorphic to an interval. To describe the preimage B~^{B{r)} of 
q = B{r), note that the positive function ip{x) = e-l'o satisfies 

- i'xx + {rx + r^)i' ^ (7) 

and is related to r by r = tpx/i^- It has been shown in TT] that for r G H^^^{R) 
given with /3 > 0, any function in the preimage B~^{B{r)} arises in this way, 
i.e. for any r e 

B-^{B{r)} = {^p^/^ I V e positive, satisfying 0}. 

Given initial data tq in the class of functions considered in the theorems above, 
qo = B(ro) has the growth condition at infinity required by the theorems in 
[2 m m [5] to conclude that there exists a unique solution q{t, x) of KdV in the 
corresponding class with (7(0, •) = qq. We then consider the linear evolution 
equation, introduced by Lax [l3] (see also Marchcnko HI]), 

Mt,x)^Q{t)i^{t,x) (8) 
'iP{0,x) ^e^'o'-"^"')'^' (9) 

where Q{t) is the first-order differential operator, 

Q{t) ■.^2q{t,x)d,~q,{t,x). (10) 

and prove that there exists a unique, globally (in time) defined solution ^{t^x), 
satisfying il){t, a;) > for any a; £ M, t G R and 

-^pxx{t,x)+q{t,x)il;{t,x) =0. (11) 

The latter identity follows from the commutator relation 

L=[Q,L\+Aq,L (12) 

where 

L{t) := -dl+q(t,x). (13) 

and L = qt- The function 

r{t,x) ■.^Mt,x)/^it,x) (14) 

is then the unique solution of mKdV with r(0, •) = rg in a class of functions 
in C°°(R X R) satisfying appropriate growth conditions. It has the claimed 
properties in each of the settings of Theorem II. 1[ II. 2[ and 11.31 The pair of 
operators (Q, L) can be obtained from the classical Lax L-A pair for KdV by 
division-see section 2 below. We refer to it as a Q-L pair. Such a pair allows 
us to construct an inverse of the Miura map and, in this way, deduce existence 
and uniqueness of solutions for from the corresponding results for KdV. 
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We also establish the invariance of the spectrum of the Schrodinger opera- 
tor under the KdV flow and the invariance of the spectrum of the impedance 
operator under the mKdV flow. Consider the Schrodinger operator L{t) = 
~Jx^ + x) where x) is a solution of the KdV equation in Ofj{I x M) with 
/3 < 1 and / = (a, 5), — oo < a <h < +00. (By Sears theorem (cf. [Tl, Chapter 
II]), for any given t £ (a, 6) the operator — + q{t, x) with domain C^(R) is 
essentially self-adjoint. Denote by L{t) its closure.) We will prove the following 

Theorem 1.6. Let q G 0^(7 xM) with (i < 1 be a solution of the KdV equation. 

(i) Then for any t,t' £ I 

spec L{t) = spec L(t') . 

Moreover, the point spectra of the operators L{t) and L(t') (i.e. the sets 
of eigenvalues corresponding to L^-eigenfunctions), coincide and have the 
same multiplicities. 

(a) If in addition f3 < 1 or q £ 0/3(7 x M) with /3 < 1, then for any t,t' d I the 
operators L{t) and L{t') are unitarily equivalent. It means that for any 
t,t' £ I there exists a unitary operator ^(t,t') : L^(M) L^(]R) such that 
^{t',t)L(t) = L{t')^!{t' ,t). 

Remark 1.7. Our method suggests that the operators L{t) and L{t') are uni- 
tarily equivalent also in the case when q G Of}{I x R) with (3 <1. However, the 
proof of this statement will require an improvement of Theorem 2 in 

In order to prove the first statement of Theorem 11.61 we again use the Q-L 
formalism, now in an extended form with spectral parameter. For the proof of 
the second statement we use the classical Lax pair. As a corollary of Theorem 
11.61 we deduce that the mKdV flow in Os{I x R) with (5 < 1/2 preserves the 
spectrum of the impedance operator (see Theorem 15.31) . In addition, we prove 
Theorem 16.21 which states that the evolution corresponding to the linear first- 
order differential operator Q\{s) := (4A -I- 2q{s,x))dx — qxis,x), where s is a 
real parameter between t and t' and A is the spectral parameter, transforms any 
complete orthonormal system of generalized eigenfunctions of the operator L{t) 
to a complete orthonormal system of generalized eigenfunctions of the operator 
L{t'). Moreover, by Corollarv l6.6l the solution of the evolution equation involv- 
ing the third-order differential operator A{t) := —49^ -I- 6q{t,x)dx + 3qx{t,x) 
appearing in the classical Lax pair for KdV, can be obtained in terms of the 
solution of the first-order evolution equation ipt = Qx(t)'ip with the spectral 
parameter A £ R. 

Growing solutions of evolution equations such as KdV and mKdV require the 
development of new techniques for their study and are of interest by themselves. 
They recently attracted a lot of attention. In 6. , Dubrovin studied Hamiltonian 
perturbations of the (simplest) hyperbolic equation ut+a{u)ux = in one space 
dimension. He conjectured that the behavior of a solution to the perturbed 
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equation near a point where the gradient of the corresponding solution of the 
unperturbed equation blows up, is universal. This means that the behavior is 
(essentially) independent of the choice of the (generic) Hamiltonian perturbation 
and of the (generic) solution of the perturbed equation. In fact, he conjectured 
that the behavior of solutions of the perturbed equations near such points is 
described by a special smooth globally (in X,T) defined solution U{X,T) of 
an integrable fourth-order ODE in the variable X which depends on a (real) 
parameter T. When viewed as function of X and T, U{X, T) satisfies the KdV 
equation and grows for X ±00 as =f(6|-^|)^^'^. 

Related work: Beside the works [31 21 [S] , we would like to mention earlier 
work on unbounded solutions of KdV by Menikoff as well as work of Kenig, 
Ponce, and Vega [T3j . Menikoff showed that for initial data in oi (M) , KdV can be 
solved in C°°(M x M) whereas Kenig, Ponce, and Vega studied solutions of KdV 
in special classes of unbounded functions, different from the ones considered 
in this paper. It was pointed out in jl8j that the KdV flow with initial data 
in oi(R) preserves the discrete spectrum of the Schrodinger operator L{t). We 
remark that the Miura map has been used previously to obtain solutions of 
mKdV from solutions of KdV. In particular, we mention the paper |12j where 
periodic solutions of low regularity are obtained, and work of Gesztesy-Simon 
[8^ and Gesztesy-Schweiger-Simon [7J for bounded solutions of mKdV. They use 
techniques similar to those used here to construct solutions of the form to 
the mKdV equation from solutions g(t, x) of the KdV-equation with q{t^ x) and 
qx{t, x) bounded in x for any t G M. In contrast, we need to consider solutions of 
KdV which grow at infinity and to derive precise asymptotics for the solutions 
tp{t,x) of —ipxx{t, x) + q{t,x)ip{t,x) = 0. These asymptotics arc obtained by 
studying equation ([5]). 

Equations of the type (|12p have also appeared in the context of 2 + 1 dimen- 
sionsal KdV-type equations. Manakov [16] observed that these latter equations 
admit a representation of the form 

^ (L2 - A) = [L2 - A, A] + B(L2 - A) 
at 

where L2, A, and B are a so-called Manakov triple. See [10], [S], [TUj, and 
further references in [TUj for details. 

Acknowledgments: We would like to thank A. Its and R. G. Novikov for 
useful comments on an earlier version of our paper as well as B. Dubrovin who 
introduced us to his recent work. 

2 Preliminaries 

In this section, for the convenience of the reader, we describe some properties 
of Q-L pairs which are mostly well-known. 

Suppose that q G C°°(]R x M) and consider the differential operators Q{t) 
and L{t) given by pI7)) and respectively. 
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Lemma 2.1 The operators Q and L satisfy the following commutator relation 

L = [Q, L] + 4q^L + KdV{q) (15) 
where L = qt{t,x) and KdV{q) — qt — Qqqx + <lxxx- In particular, 

KdV{q) =0 iff L^[Q,L\+ Aq^L. (16) 

The proof of the lemma is straightforward. 

We remark that the operator Q results from formally dividing the operator 
A = -493 + 6qxdx + 3qx by i = -d^ + q. In fact, A = AdxL + Q. A similar 
division of A by i — A results in the operator Q\ considered in section 6 below. 

Assume that q e C°°(]R x M) satisfies the KdV equation and that for any 
T > there exists a constant Ct > such that for any \x\ > 1 and t £ [— T, T] 

\q{t,x)\<CT\x\. (17) 

Let ipo G C°°(M) be an eigenfunction of L{0) with eigenvalue 0, i.e. 

L(0)^o = . (18) 

Consider the equation 

Mt,x) =Q{t)i;{t,x) (19) 

^\t=o=^o- (20) 

By Lemma lAin the initial value problem (fT9l) - (l20|) has a unique solution ?/;(i, x) 
in C°°(M X M). 

Proposition 2.2. If q <E C°°(R xM.) is a solution of KdV satisfying the growth 
condition (H^, and ip{t,x) £ C°°(R x M) solves (1^-^, then 

L{t)il){t,x) = Vi,.T e M. (21) 

//, in addition, ipo{x) > Va; G R, then 'ip{t, x) > Q \fx, t G R . 

Proof. Let (p{t,x) := L{t)%l}{t,x). It follows from that iy9|f=o = 0. Using 
Lemma [2. II and ([TO]) one obtains 

ipt ^ Lip + Lijjt 

= {[Q,L]+4q,L)i, + LQiP 
= Q{Li;) + iq,{Lij) 

= 2q(px + 3qx(p ■ (22) 
Hence ip = ip(t, x) is a solution of the initial value problem 
ipt{t, x) = 2q{t, x)ipx{t, x) + iqx{t, x)ip{t, x) 
¥'|t=o = . 

Applying Lemma I A. II again, we obtain that ip = 0. 

The last statement of the proposition follows immediately from claim (b) of 
Lemma lA.ll □ 
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Proposition 2.3. Assume that r S C°°(IR xM.) is a solution of the initial value 
problem (^-(^ for the mKdV equation and define 

p{t,x):=po{t)efo'('^''>''' (23) 
with normalizing factor po (t) given by 

po{t) :=e-/'o(2'-'"'-..)l(..o) dr ^ ^24) 

Then ip{t,x) :— p{t,x) is a solution of m9\) -i20 \) . where Q{t) — 2qdx — Qx, 
q — r^ + , and ipoix) ■— e-^o ''of") If in addition, q — r^ + satisfies 
the growth condition |j7p , then p{t,x) is the unique solution of if Jff|) - Jl0)) in 
C°°(R X R). 

Proof of Provosition \2.3[ Using that g = r^, + r^, one easily sees that p{t, x) 
satisfies the equation L{t)p = 0. Differentiating the latter identity with respect 
to t and using Lemma UTT] together with the fact that q — rj:+r^ satisfies KdV 
(of. [12]), we obtain 

= Lp + Lpt 
= {[Q,L]+4qxL)p + Lpt. 

Using the fact that L{t)p — 0, one then gets 

= -L{Qp) + Lpt = L{pt - Qp). (25) 
Hence, with f{t, x) := pt — Qp one has for any t, a; e R 

fxx{t.x)+q{t,x)f{t,x) ^Q. (26) 
A direct computation shows that 

f{t, 0) = and fx{t, 0) = Vi e M. (27) 

By the uniqueness of the solutions of (|^5|) - (P7)) for any fixed t e R, we conclude 
that f{t, x) = 0, and therefore pt — Qp. The uniqueness of the solution p follows 
from Lemma I A. II together with the assumption that x) satisfies the growth 
condition p7|) . □ 



Corollary 2.4. Assume that q G C°°(R x R) solves the KdV equation and 
satisfies the growth condition |_?7| ). Let ^ C°°(R x R) be two solutions of 
il9i) with initial data 0|t=o = 00 o^c^ ^At=o = V'o respectively where L(0)(/)o = 
and L(O)'0o — 0. Then the Wronskian VF(0, "0) :— (j^ipx — '4'4'x is independent of 

t,xeR. 

Proof. As 4i{t,x) and i^it^x) satisfy (|2T|) (see Proposition 12. 2p we get that 
the Wronskian W is independent of a; G R. Using that (j)xx — q4> and ^xx — q'>P 
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one obtains 

Wt = Mx + ^(V't)^: - ipt4>x - ip{4't)x 

= {2q(j)x - qx4>)'^Px + H'^qiJ-'x - qxip)x - (2#x - qxip)(f'x 
- 'ip{2q(f>x -qx(t>)x 
= . 

□ 

Theorem 2.5. Consider the initial value problem for the niKdV equa- 

tion with smooth initial data Tq G C°°(R). Suppose that the solution q = q{t, x) 
of the KdV equation (0) with the initial data q\t=Q = qo •= ''o + '"o defined 
globally in time, q G C°°(R x R), and satisfies the growth condition ( [j7| ). Then 

(a) the evolution equation il9\) -l[W ]\) has a unique, globally defined, positive 
solution ijj{t,x) > and the function r{t,x) — 'ipx{t,x)/'ip{t,x) is a global 
solution of the mKdV initial value problem 

(b) if ri,r2 G C°°(M x R) are solutions of the initial value problem of mKdV 
([7P-(0j both having q as their image with respect to the Miura map r i-^ 
fx + (i.e., Vt,x G M, ri^{t,x) +rf{t,x) = r2x{t,x) +r2{t,x)), then 
ri EE r2. 

Remark 2.6. Loosely speaking, statement (b) of Theorem \2.5\ says that when- 
ever KdV has a unique solution within a certain class then mKdV has a unique 
solution within the corresponding class defined by the Miura map. 

Proof of Theorem \2.5\ (a) Introduce 

V'olx) -e^o''■°(^)^^ (28) 

Clearly, il^oix) > Vx G M. As go = r'^+rl one obtains from ((281) that L(0)V'o = 
0. By Proposition [221 the solution 'ip{t,x) of ([Ill)-(I2ni) in C°°(R x R) satisfies 
L{t)'ip{t, cc) = Vt, a; G M. Moreover, ilj{t, x) > 0\/t,x £ R. Consider the smooth 
function r{t,x) given by (HH). It follows from (^5]) that r\t=o = tq- Taking into 
account that L{t)^{t,x) = one proves by a straightforward calculation that 

mKdV{r) ;== rt - 6r^rx + rxxx 

= -{i^tlpx - -iplpxt - Qq'ipl + + ^i'xlpxxx - Ip-ipxxxx) / Ip"^ 

(See also formula (7.42) in [7 .) Using that ipt — Qip one gets that mKdV{r) = 0. 
This proves claim (a). 

Claim (b) follows from Proposition 12.31 as the two solutions ri , r2 lead to 
the same operator Q (cf. (|10p ) and the same initial data V'o (cf. (l20p V Indeed, 
as ri and r2 are solutions of ([I])-© and q — rxx + r\ = r2x + r\ we get from 
Proposition 12.31 that for fc = 1,2, 

Pk{t,x) := PkAt)^^^""^''"^"' with pk^t) ■■= e/o(2-^(-'«)-)l(.,o, dr 
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are solutions of the linear initial value problem P^ - (|'20p with the same initial 
data ipo(x) = pk{0, x) = e^o ^ois) ds^ ^ satisfies the growth condition p7)) the 
solution of P^ - ([^ is unique and therefore pi = p2. In particular, n = — = 



3 Proof of Theorem 11.11 

The purpose of this section is to prove Theorcm ll.il In the sequel we will need 
the classes 

5^+i(K X M) := {/ e C°^(M x M) | e ^^(K x M)} . 

where /3 is a given real number. Note that the operator of integration, f(t, x) > 
Jo fit: s)ds, maps <S/3(M x R) to <S^_|_]^(R x M) whereas the operator of differen- 
tiation, fit,x) ^ d^f{t,x), maps x M) to S^i^ x R) for any /3 e R. 
Analogously one defines iS^_|_;^(R). 

The following Lemma describes the functions from iS^_|_-^(R x R) in terms of 
their asymptotics at ±00. 

Lemma 3.1. / e 'S;5^;^(R x R) if and only if f e C°°(R x R) and it has an 
asymptotic expansion for x ±00 of the form 

( EZo 4(t)i±^y''^'+^tit)^og{±x) if /3+l>0 
f{t,x)^{ (29) 
I c^it) + EZo i^^r"'-' if /3 + K 

where /3 = /3o > /3i > ... with lim (3k — ~ 00 and , , and c± are functions 

k — >oc 

oft in C°°(R). The same result holds in iS^^]^(R). 

In particular, if /3 + 1 > then the leading term of the asymptotic expansion 
of / is a^{t)(±x)'^+^ (for /3 > -1) or at{t) \og{±x) (for /3 = -1). If /3 + 1 < 0, 
the leading term is c^(i) followed by aj(t)(±a;)''+^. The asymptotic relations 
should be understood similarly to (|4|), For example, the first relation in 
(|29|) means that for any compact interval J C R, j,j > 0, and any TV > with 
Pn + 1 < 0, there exists a constant Cj^N,i.j > such that for any |x| > 1 and 
any i e J 



didi (/(i , x) - (aj it) log(±x) + Y,af it) i±xr>'+' 

k=0 



N 



(30) 

Proof of Lemma \S.U If / G C°° (R x R) has an asymptotic expansion as in 
(pg)) . then clearly, G 5^(R x R), hence / G 5^+i(R x R). Let us prove the 
converse statement. As the asymptotic expansions for x +00 and a; — > — 00 
of an element / G 5^_|_]^(R x R) are obtained in a similar way let us consider 
the case x +00 only. First we treat the case where (3 + 1 > 0. By definition, 



10 



for an element / 6 x M), fx 6 5/3(R x M) and hence has an asymptotic 

expansion 

oo 

f^^Yj ^ki^) ^^"^ as X ^ OO (31) 
where /3 = /3o > /3i > ■•• with hm Pk ~ oo. Without loss of generality we 

k — »oo 

assume that (3m = ^ 1 for some m > Oo Formally, the claimed result is obtained 
by integrating term by term the right hand side of pip with respect to the x- 
variable. In order to make this argument rigorous we argue as follows: For any 
iV > m + 1 and x £ R consider the quantity 

QNit,x):=-x+ix) (^f^{t,.s)-J2bt{t)s^-jd.s (32) 
■^^ fe=0 

where x+i^) is a smooth cut-off function with x+i^) = for a; < 1/2 and 
X+i^) = 1 for X > 1. As /a; e 5^(M X R) and f3m+i < — 1 it follows that 
the improper integral in (I32p exists and if a; > 1, d^QNit, x) = fxit^x) — 
^k=oKi^)^'^'' ■ Hence, dxQw is in <S/3„^i(R x M). We claim that Qn is in 
5/3„_|_^+i(R x M). To show this, it remains to estimate dlQNit,x). It follows 
from (PT|) that for any compact interval J C R, i > 0, and > rn + 1, there 
exists a constant Cj^M,i > such that for any x > 1, t G J 

poo N 

\dlQN{t,x)\< / \dl{Ut,s)-Y,b+{t)sf^>')\ds 

J X 1 o 



fe=0 



< CJ.N,^ / S'^^ + I ds 



j./3jv-i-i + l 

\Pn+i + 1| 



Computing the integral in one gets for x >1 

QN{t,x) = f{t,x)- (^c+{t)+b+{t) log x+ TTTT^'^'^O (34) 

0<k<N,k^m 

where 

c+(0:=/(t,l)-5^-4i-+ / (/.(t,.)-^6+(i).^'=)ds. (35) 

(Note that the integral in ([55)1 converges as the integrand is estimated locally 
uniformly in t by 0(s^™+i) with /?„i+i < —1.) The desired estimate ([50)1 of 
/(t, x) for X +00 follows from dST]), (l33|, and pi]). 



^Take = if necessary. 
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The case f3+l < is treated in a similar way. Actually, it is easier than the 
case /3 + 1 > 0. □ 



Proof of Theorem \l.ll We will show that the claimed results follow from The- 
orem 12.51 and Lemma 13.21 stated below, combined with results in [3l [2] - see 
Appendix B for a summary of these results. Indeed, for a given rp G iS/3(R), the 
Miura image qo :— roj; + r^ belongs to iS5(R) with S max{2/3, — 1} < 1. 
According to the results in [31 [2] (cf. Theorem IB . 11 lR2l in Appendix B) there 
exists a unique solution q G 5^ (R x M) of the KdV equation ^ with initial data 
q\t=o — Qo- As (5 < 1 the solution q = q{t,x) satisfies the growth condition pT]) . 
In particular, according to Proposition 12 . 21 the linear initial value problem 

'ipt{t, x) = 2q{t, x)'ilJx{t, x) - qx{t, x)'ip{t, x) (36) 

V'|t=o = V'o(a;) :=e/o^'-«(^)''^ (37) 

has a unique C°°-solution. This solution ip is defined globally in time. It is 
strictly positive everywhere, and satisfies —ipxx + qip = Vt, x G R. It follows 
from item (a) of Theorem 12.51 that the function r{t,x) = i^^it, x)/'ip{t, x) is a 
solution of Hi-ill]). It is easy to see that the function 

p^p{t,x) := logil;{t,x) 

satisfies 

pt{t, x) = 2q{t, x)px{t, x) - qx{t, x) (38) 
p\t=o=Po{x) (39) 

with initial data po (2;) = Jq "i^oi^) ds G 5^_,_]^(R). According to Lemma l3.2l below 
the function p{t, x) belongs to 5^^;^(R x M) and therefore r — d^p £ 5^(R x M). 

The uniqueness of the solution r = r{t, x) in the class 5^(M x R) follows from 
the uniqueness of the solution q = q{t,x) in the class Ss{M. x R) (cf. Theorem 
Ellin Appendix B) and Theorem!^ (fe). □ 

The proof of Theorem 11.11 used the following lemma. 

Lemma 3.2. Let (3 < 1/2 and S := max{2/3, — 1} < 1. Consider the initial 
value problem i38\) - [^) where q G Ss{M. x R). Then for any initial data po G 
iS^_l_2(R) there exists a solution p G 5^_|_]^(R x R) of h38^ - i3S^) . This solution is 
unique m C°°{R x R). 

In order to prove Lemma 13.21 we will first construct formal series x±(^:2;) 
having the form and satisfying the evolution equation (|551) - (|M| formally 
for X — > ±00. As the cases x —^ -\-oo and x — > —00 are treated in the same way 
we restrict our attention only to the case x — > +00. 

Let Po G 5^_^;^(R) be the initial data in (|38l) - (l39l) . By Lemma [3Tl po{x) has 
an asymptotic expansion for x — > -l-oo of the form 

f EZoPt^"'^' +Pt ^ogx if /3 + l>0 
Poix) ^ < 

I c++Er=oPfc2;'3-+i if /3 + KO 
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where (3q :— f3 < 1/2 and Po > Pi > 1™ Pk — — oo. As a solution p of 

k — 'OO 

(j39p gives rise to the 1-parameter family of solutions p + const, we can assume 
without loss of generality that the constant c"*" in the asymptotic expansion for 
Po{x) vanishes, 



Po(x 



Pk 



p'J log X as X —> oo . 



(40) 



fe=0 



Here P < 1/2 but it need not be true that P + 1 > 0. By assumption, q g 
Ss{M. X R) and hence it has an asymptotic expansion for x +oo of the form 



fc=0 



where Sq = S 
the set 



max{2/3, /9 — 1} < 1 and Sq > Si > lim 6k 



(41) 

-oo. Consider 



{4} 



fc>0- 



In order to find a formal solution x+{t,x) of (|38p - ([55|) we will have to extend 
the set of exponents {Pk + l}fe>o appearing in ([^0]) to a larger discrete set B 
with the same upper limit as {Pk + l}fc>o so that the exponents appearing in 
the asymptotic expansions of the left- and right-hand side of ([38|) belong to B. 
To construct B we first need to extend the set A. 

Lemma 3.3. There exists an unbounded discrete set ACM with A C A such 
that 

(a) max A = max A = S < 1; 

(h) if 5', 5" e A then 5' + 5" - I e A; 

(c) ifS'eA then S' - 1 e A. 

Proof Fust note that a set A satisfies (b) iff A - 1 := {(5' - 1 1 (5' G A} 
satisfies 

S',S"eA-l implies 5' + S" e A - 1 . (42) 
It is easy to see that the set Ai C M, 

Ai I ^ 5i I (5, e A - 1, J C Z>o is finite and J 7^ 0| 
ieJ 



is discrete, satisfies (1421) and that max Ai =5—1. Consider the set 
Ai := {6' - k\S' e Ai,k eZ>o}. 

Then 

<5',(5"gAi implies S' + 6" e A^; 
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in addition, Ai is unbounded and discrete. Moreover maxAi —5 — 1, and 
(5' — 1 G Ai for any S' € Ai. Hence, the set A := Ai + 1 satisfies claims (a)-(c) 
of the lemma. □ 

We extend in the sum in (|4T|) the set of exponents A to A by setting the new 
coefficients in (HIT) all equal to zero. Hence without loss of generality, one can - 
and in the sequel we will - assume that the set of the exponents A = {dk}k>o 
in (|^T|l satisfies conditions (a)-(c) of Lemma [5751 

Let us now introduce the following subsets of R, 

B {/3fc}fc>o 

and 

B := {/?' + 5'\f3' e B, 5' e A} UAU {(3' + l\ 13' e B} (43) 
Lemma 3.4. The set B is discrete and has the following properties: 
(i) maxB ~ f3 + 1; 

(a) ifS'eA and /?' e B, then 6' + P' - 1 e B; 
(Hi) the set {5' — 1 \ S' E A} is contained in B . 

Proof of Lemma \3^\ The proof that B is discrete follows from the arguments 
used in the proof of Lemma 13.31 

(i) As /3 < 1/2 and 5 = max{2/3, /? — 1} < 1 one gets max B = max{S, f3 + 6, (3 + 
l} = /3 + l. 

(ii) follows from the fact that A has property (b) of Lemma 13.31 Indeed, as 
any f3' € B can be written in the form = f3" + 5" (/?" £ B, 5" G A), 
(3' = 6", or /?' = j3" + 1 and as by Lemma [3.3f b). for any 6' £ A, one has 
6"' := S' + S" - I e A, it follows that 

r S' + [P" + 5") - 1 = 6"' + f3" eB 
S' + p' -1= \ S' + 6" -leAcB 

[ 5' + {13" + l)-l^5' +13" ^B 

(Hi) It follows from statement (c) of Lemma 13.31 that for any S' G A, one has 
6' ~l £ A and as A C B, (c) then follows. □ 

Proof of Lemma \3.2l First we prove that for any 

oo 

q{t,x) r^"^c'^{t){±xY'' as X ^ ±oo (44) 

fe=0 

with exponents A = {6k}k>o, Sq = S > Si > satisfying claims (a)-(b) of 
Lemma [531 the initial value problem ([55|) - ([55)) with po{x) satisfying ([iO]) has a 
formal solution x+i^j ^) given by {t e R, a; > 0) 

oo 

X+{t, x)=J2 atit)^^'^^ + ^t{t) logx (45) 

fc=0 
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where {(3k + l}k>o = B with f3o > Pi > .... The existence of a formal solution 
X-{t,x) for < £ R, X < follows by the same arguments. Let us stress that the 
exponents + 1 in the asymptotic expansion of the initial data poix) (cf. (|40p ) 
belong to the set {/?' + 1 1 /3' £ B} which is included in the larger set B. Hence, 
the coefficients a^(0) in the asymptotic expansion P5)) evaluated at t = are 
zero or coincide with some of the constants p'^ . Moreover a+ (0) = pf . 

Substituting (|44)) and (|45| into ((38| and using the notation ' ~ one 
obtains, in the case x > 0, 

a+(i) logx + a+{t)x''+^ + d+{t)x^'+^ + a+{t)x'^^+^ + ... = 
= 2(c+(t)x^ + c+{t)x'' + ...) (^at{t)x-^ + 

(/3 + 1)4(^)2;'^ + iPi + l)a+{t)xf^^ + ...) (46) 

-(^dc+{t)x^-^ + 6ic+it)x^'-^ + 

The maximal power of x on the right side of (|46p is not bigger than = 
max{/3 + 5,(5 — 1}. As /3 < 1/2 and (5 = max{2/3,/3 — 1} < 1, one obtains 
that (3 + 1 > nir. Hence, aQ{t) — and thus a,^(t) — 0^(0). Comparing the 
coefficients in we also obtain that af{t) = and hence a+(t) = af{0). 

Comparing the coefhcients in (|46p corresponding to terms of order /3fc + 1 in 
a; one obtains that for any fc > 1 

d+{t)=P+{a+,a+{t),...,a+_,{t)) + F+{t) (47) 

where is a linear combination of the variables Qq, cl^_i with coefficients 
which are smooth functions of i G R. The term {t) is equal to 2c^ (^)pj — 
Si^cf^{t) iff there exists an index ik > such that /3fe + 1 = (5ij. — 1. If there is 
no such ik then Fj!'{t) = 0. Let us prove formula (|T7|) . It is clear from that 
the right side of (|47p is a sum of a linear polynomial of the variables ad, a^, ... 
and an inhomogeneous term Fj^it) of the form described above. Assume that 
there exists a^, n > k, that enters as a linear term on the right side of (|47|) . 
Then clearly there exists to„ > such that 

Pn + Sm„ = /3fc + 1 . 

As /3„ < Pk and 5m„ < (5 < 1, it follows that /3„ + Sm„ < Pk + This 
contradiction proves ([47l) . 

Integrating equation ([47]) , we find the coefRcients (i) recursively in terms 
of the initial values (a^(0))o<i<fe. Clearly, the formal solution x+{t,x) satisfies 
(|46p and, by construction, x+(Oi ^) = Po(2;). Arguing similarly we find a formal 
solution x-{t,x) for t g R, a; < 0. 

Next we show how the constructed formal solutions 

X±{t,x)^Y. it) {±^f'+' + at (<) log(±x) 

fc=0 
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lead to a solution of (I351)-(IM1)- Choose f{t,x) e C°°(R x K) so that / has 
asymptotic expansions of the form 

oo 

f{t,x) ^^a't{t){±xf''+^ +at{t)log{±x) as a; ±00 (48) 

fe=0 

with coefficients (a^(i))fc>o, o,f{t) defined as above. The existence of such a 
function / follows, for example, from Proposition 3.5]. Following we 
will call the function /(i, a;) an asymptotic solution of p8p -(|39 p . Let /o := f\t=o- 
With the help of the asymptotic solution / we want to find a solution p{t, x) 
of dMl)-® of the form 

p{t,x) := f{t,x) + s{t,x) (49) 

where s{t,x) e C°^(M x M) has to be determined so that s and all derivatives 
dld^s are fast decaying as |a;| — > 00. Substituting into one obtains 

the linear evolution equation 

St{t, x) = 2q{t, x)sx(t, x) + ri{t, x) (50) 
s|t=o = so{x) (51) 

where 77(t, x) := —ft{t,x) + 2q{t,x)fx{t,x)—qx{t,x) belongs tOiS_oo(KxK) (as 
f{t, x) is an asymptotic solution of l(38|) - ([39|) ) and s\t=o = Po{x) — fo{x) £ S{R), 
where as usual, S{M.) denotes the functions of Schwartz class. By definition, 
g € C°°{R X R) belongs to the space 4S_oo(R x R) iff for any compact interval 
J C R and any k, i,j>0 there exists a constant Cj^k,i,j > such that for any 
|x| > 1 and t e J 

\^l^ig{t,x)\<CJ^k,^.J\x\~''■ 

In particular, if g G 5_oo(R x R) then for any given t G M, the function g{t, •) 
belongs to 5(R). 

Due to Lemma lA.3[ we can find a solution s G iS_oo(R x M) of ([50l) -(f5T |) 
which proves the existence part of Lemma 13.21 The uniqueness of the solution 
p{t, x) in C°°(R X M) follows from Lemma EH □ 



4 Proof of Theorem 11.21 and Theorem 11.31 

In this section we prove the existence and the uniqueness of solutions of the 
mKdV equation, globally in time, as stated in Theorem 11.21 and Theorem 11.31 
Before proving these theorems we introduce the following auxiliary spaces 

0;+i(M X M) := {/ G C^(M X M) I G ©^(R x R)} 

and 

o^+i(R X R) {/ G C°°(R X R) I G o/3(R x R)} . 
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Proof of Theorem We follow the arguments in the proof of Theorem 11.11 
Given rp G OfjiM) we get qo '■= r'^ + r^ which belongs to the space Os{M) with 
6 := max{2/3,/3 - 1} < 1. By Theorem 2 in [5] (cf. Theorem [BT3l Appendix B) 
there exists a solution q G ©^(M x M) of the KdV initial value problem 

qt - 6qqt + Qxxx = 0, q\t=o = qo ■ 

As (5 < 1 the solution q{t,x) satisfies the growth condition pT]) . Let ip{t,x) > 
be the globally defined unique solution of (|36|) - ((37)) (see also Proposition 12. 2[) . 
According to Theorem [^751 (a) the function r(i, a;) = 'ipxit,x)/'ip{t,x) is a solution 
of the mKdV initial value problem ((T|)-(I2). Then p{t,x) := \ogip{t,x) satisfies 
dMll-dSni) with po{x) = /o'ro(s) ds. As po is in 0^+i(M) the solution p{t,x) 
of dSHll-lISHl) belongs to 0^+i(M x R) (cf. Lemma O below). In particular 
r{t,x) ^p^{t,x) e 0^(R X M). 

The uniqueness of the solution r{t, x) constructed above follows from Theo- 
rem l2.5l (b) and the uniqueness result for KdV in Theorem 1 in [4 (cf. Theorem 
El Appendix B). □ 

In the proof of Theorem 11.21 we used the following analogue of Lemma 13.21 

Lemma 4.1. Let (3 < 1/2 and S := max{2/3, /3 — 1} < 1. Consider the initial 
value problem (j38p - (|39p where q G Os{M. x R). Then, for any initial data pq G 
0^_^j^{R), there exists a solution p G OJj_^^{M. x R) of (|38p - (|39p which is unique 
in C°°(R X R). 

Proof of Lemma \4-l\ The lemma is proved by the same arguments as the ones 
used in the proof of Lemma [A. 3 1 (see also [5], Proposition 1). □ 

Proof of Theorem \1.3l The proof is similar to the proof of Theorem 11.21 and 
is based on the existence and uniqueness results for the initial value problem 
of KdV of [U [5] (cf. Theorem IB.2| IB. 41 in Appendix B) and on a variant of 
Lemma 14.11 where the spaces Ofj and Op^^ are replaced by the spaces op and 
0^+1 respectively. □ 

We conclude this section by stating a more general uniqueness result for the 
mKdV initial value problem (IT])-([2]). Let I = {a,b) C R with — oo < a < 6 < oo. 
Denote by (7(R x M) the linear space of functions r{t, x) in C°°(R x R) such that 
for any compact interval J ^ L one has for |a;| > 1 and any fc > 1 

r{t,x) = o{^\) and dlr{t,x) = 0(1/ Vla^), 

uniformly in t G J. The following theorem follows in a straightforward way from 
Theorem 12.51 (6) and Theorem 1 in f4^ (cf. Theorem IB. 21 Appendix B) . 

Theorem 4.2. There exists at most one solution of the mKdV initial value 
problem (OP"® m ^(M x R). 
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5 Spectral invariance 



In this section, we prove the spectral invariance of the Schrodinger operator 
L{t) = —d^ + q{t,x) under the KdV flow (see Theorem 11.61 stated in the 
introduction) and the spectral invariance of the impedance operator T(t) = 
- 2^(^> 3I under the mKdV flow (Theorem [5?3l below). 

Schrodinger operator: We prove the two statements of Theorem [LG] separately, 
using two different methods. In the case /3 < 1, statement (i) follows from 
statement (ii). We point out that our proof of statement (i) is elementary and 
self-contained, whereas the proof of statement {ii) relies on a result from [3]. 

Let q G 0^(/ x M) with /3 < 1 and / = (a, 6) C M, -00 < a < b < +00. 
Consider the i-parametcr family of self-adjoint operators in L^(M) 

L{t) ■.= -dl + q{t,x). 

As for any t & I there exists a constant C = C{t) > such that \q{t, x)\ < C \x\ 
for |x| > 1, by Sears' theorem (cf. [U Chapter II]) the symmetric operator 
u ^ —u" + q{t)u in L^(K) with the domain C||j"(R) is essentially self-adjoint. 
We define L{t) to be the closure of this operator. 

In order to prove Theorem 1 1.61 we first extend the Q-L formalism to opera- 
tors with spectral parameter. Let q G C°°{I x R). For a given A £ M consider 
the operators 

Qx{t) := {4.\ + 2q{t,x))d^-q,{t,x) 

and 

LA(t) :=L(i)-A. 
The operators Q\ and L\ satisfy the commutator relation 

U ^[Qx,Lx]+ M^cLx + KdV{q) . (52) 

In particular, q{t, x) is a solution of the KdV equation, KdV{q) = 0, if and only 
if 

Lx = [Qx,Lx]+Aq^Lx (53) 

for some A G M (and hence, for all A G M). Now, assume that q G C/3(/ x ffi.) 
with /3 < 1 is a solution of the KdV equation and let G C°°{I x K) be the 
solution of the first-order evolution equation 

Mt, x) = (4A + 2q{t, x))i^^{t, x) - q^{t, x)i^{t, x) (54) 
i^{t',x)^Mx)- (55) 
Let (p{t,x) := L\{t)^{t,x). Using ([53]) we get 

= {[Qx,Lx] + 4q^Lx)t^ + LxQxi) 
= Qx{Lxij)+4qx{Lxtl^) 
^ (4A + 2q)Lpj: + 'Sq^ifi ■ 
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Hence, Lp = Lp{t, x) is a solution of the initial value problem (cf. Lemma I A. 1[) 

ipt{t,x) = (4A + 2q{t, x))ipx{t,x) + Sqxit, x)ip{t, x) 
(p\t=t' = Lx{t')'ipo . 

Lemma 5.1. Let q G Ofj{I x R) with (3 < 1 be a solution of the KdV equation 
and let J be a compact interval in I. Then there exists a constant C{J) > such 
that for any t,t' € J and for any ipo £ C|5"(R) the solution ip of the evolution 
equation (|54p - (l55p satisfies the inequalities 

||V'(i)ll<C(J)I|^o|| (56) 

and 

\\Lxmm<CiJ)\\L,{t')M- (57) 

Proof of Lemma \5.1[ Let ^{t;t',xo) be the solution of the ordinary differential 
equation 

e = -(4A + 2q(t,0) (58) 
^\t=t'=x. (59) 

It follows from the equation of variation of that 

By the method of characteristics we get that for any t" G /, 

t', x)) = Mx) , 

or, equivalently, 

cl^{t",y) = 0o(C(iV",y))e^^*'"«-(^'«(^^*"'^»'^^. (61) 

Assuming that t' , t" G J for some compact interval J in /, we obtain from ([SO]) . 

and q £ x R) with /3 < 1 that there exist constants C(J) > and 

Ci(J) > such that for any 00 e C5^(M) 

/OO „ 
-OO 

/OO 
(/.o(^(t';t",2/))2dy 
-OO 

= Ci{J) / 0o(x)2|^,(t";i',x)|da; 



<C(J)2||0oll'- 

Arguing as above and choosing C( J) > larger if necessary, one proves that for 
any t" G J and for any tAo G Co^i^) the solution -(/"(^ja;) of (HHl-linn]) satisfies 

||^(OII<C(J)||^o||. 
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This completes the proof of the lemma. 



□ 



Proof of statement (i) of Theorem ] 1.6\ A point A G M belongs to the spectrum 
of the self-adjoint operator L(t) iff there exist a sequence {sk)k>i of positive 
numbers Sk > with lim Sk — and a sequence of functions {ipk)k>i ^ (^0° PI^) 

k — ^oo 

, ijjk ^ 0, such that for any k > 1, 

\\Lxmk\\<ek\\M- (62) 

Assume that A € specL(t'). We will prove that for any t" G /, A G specL(i"). 
Take (e^) and (■0fc) as above so that ([5^ is satisfied with t ~ t' . Using Lemma 
IS.ll we get the following estimates for the solution tpk{t, x) of equation ([5^ with 
initial data i/'fe|t=t' = tpk 

\\L{t")Mn\\<C{J)\\L{t')ijk\\ 

< ekC{J) UkW < ekC{jfUk{t")\\ ■ (63) 

As ekC{JY ^ as fc ^ oo we get from that A G specL(t"). As the 
inclusion specL(t') C specL(t") was proved for any t' ^t" G /, spec_L(t') = 
specL(t"). 

Any eigenfunction of L{t') with eigenvalue A G M coincides up to a set 
of measure zero with a smooth solution of the differential equation —^q{x) + 
q{t,x)ipo{x) — Xtpoix) such that tpo G L^(R). Let V be the solution of the 
evolution equation ((54)l - ((55)) . Arguing as in the proof of Lemma [5.11 one sees 
that the inequalities (|56p and (jST]) still hold. In particular, we get that for any 
t G I, ijj{t) G L^(R) and L{t)i}j{t) — \tp{t). The coincidence of the multiphcities 
follows from the uniqueness of solution for the initial value problem (f54 |) - (f55|) . 
□ 

Remark 5.2. In addition to the commutator relation (|52p . the operators L\ 
and Q\ satisfy for arbitrary A G M the identity 

Lxidt ~ Qx) + [Lxidt - Qx)]* = -KdViq) 
where P* denotes the formal adjoint of a differential operator P in (/ x R) . 

Proof of statement (ii) of Theorem \l.(A Assume either q G 0/3(/xR) with /3 < 1 
OT q e oi3{I X R) with f3 < 1 where / = (a, 6) C R and — oo < a < b < +oo. In 
addition, assume for simplicity that t' = 0. Following Lax [Tl] we consider the 
one parameter family of third-order linear differential operators 

A{t) -Adl + 6q{t, x)d^ + iq^{t, x) (64) 

with t as parameter. The operators L{t) = —0^ + q{t,x) and A{t) satisfy the 
commutator relation 

L = [A, L] + KdV{q) 
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where KdV{q) = qt — QqQx + qxxx- Assuming that q{t, x) is a solution of the KdV 
equation we obtain that L{t) and A{t) satisfy the classical Lax pair relation 

L = [A, L] . (65) 

Consider the linear evolution equation 

Mt) = A{t)i;{t) (66) 
ip\t=o = V'o (67) 

with initial data ^po in the Schwartz space iS(K). The existence of a solution of 
([M1) - (I571) evolving in S{R) on the whole time interval (a, b) was solved positively 
in |4j by applying a difference scheme method as in [5J [T^ . According to [H 
Theorem 2], (IS6l)-(l67l) has a solution ■0 e C^{I, S{M.))B By applying Holmgren's 
principle one sees that the solution is indeed unique. Denote by ^'(i) the 
operator 

*(0 : 5(M) ^ 5(M), Vo^V'lO- (68) 

Using that A{t) is skew-symmetric for any t one gets by integration by parts, 
that for any V'o G 5(M) 

^(*(t)Vo,*(t)V'o) = (A(t)^'(OVo,«'(i)V'o) + [^mo,A{t)-^{t)ibo) =0 

where (•,•) denotes the L^-scalar product. Hence, the operator (l68|) preserves 
the L^-norm. As S{M.) is dense in L^(R), ^'(t) then extends to a unitary operator 
on 

Let ip{t) be the solution of (p5|) - (p7)l . By ([55]) and the Leibniz rule we get 

{L^y =L^ + LiP = [A, L]i; + LA^j = A(LV') . (69) 

Hence, L{t)ip{t) is a solution of (|66p with initial data L(O)'0o- The latter result 
together with the uniqueness of the solution of (f66|) with the initial data L{0)ipo 
imply that 

^'(t)L(0)Vo = i(t)*(0^o VVoe5(R). (70) 

Since, by Sears' theorem, S{M.) is dense in the domains of L{0) and L{t) with 
respect to the graph norms, it follows from (f68|) that the identity ([70|) holds for 
any t/iq in the domain of L{0). Together with the property that '^(t) is unitary, 
this establishes the claimed unitary equivalence of the operators L(0) and L{t). 
□ 



Impedance operator: Here we prove that the spectrum of the impedance operator 



^In fact, this solution lies in C°°{I,S{R)). 
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where r{t,x) is a solution of the mKdV equation in 0/3(1 x R) with /3 < 1/2 
and / = (a, fe), — oo < a < b < +00, is invariant. For any given t S (a, 6) the 
operator —-^ — ^.rit, x) with domain C^(K) is essentiahy self-adjoint in the 
weighted L^-space L^(M, p^dx) with the density function p{t, x)'^ ■I'" '"^^'"^ '''' 
(see below). We denote by T{t) the closure of this operator in L'^{M., p'^dx). 

Theorem 5.3. Let r e Oj3{I x M) with (3 < 1/2 be a solution of the mKdV 
equation. Then for any t,t' ^ I 

specT(t) = specr(t') . 

Moreover, if P < 1/2 or r £ 013(1 x K) with [3 < 1/2, then the operators T{t) 
and T(t') are unitarily equivalent. 

To prove Theoreni l5.3l we first need to establish the following auxiliary result. 

Lemma 5.4. Lei r e C°°(M), q{x) = r' + r^ , and p{x) ^ e^S ^^'') ^ 

(a) The map 

$p : Co°°(R) ^ Co~(M), u(x) ^ p{x) u{x) 
extends to an isometry L'^{R,p'^dx) i^(M). 

(b) The diagram 

L^{R,p^dx) D Co°°(R) ^ C^i^) ^ L^{R,p^dx) 
i2(M) D C^(R) ^ C'^(R) ^ i^(K) 

where Tr = ~ Ix ^^'^ ^ ^'Si? 1' commutative. 

Proof of Lemma \5.4\ (a) is obvious. To prove (6) use the relation p' / p = r to 
get for any u e C5"(R) 

TAu) = -{p'uy/p\ 

Hence, for any w £ (M) , 

TrO<i>-\w)^Tr{w/p) 

= -iw"p-wp")/p^ 
= {-w" + {p"/p)w)/p 

where we have used that ^ ~ + . □ 

Assume that r e Ofj{^) with /3 < 1/2. Then q = r' + e ©^(R) with (5 < 1. 
As, by Sears' theorem, the Schrodinger operator Lq is essentially self-adjoint. 
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the impedance operator Tr is essentially self-adjoint by Lemma [5.41 Moreover, 
it follows from Lemma 15.41 that the closures of both operators are unitarily 
equivalent. In particular, 

spec T,. = spec . (71) 

Proof of Theorem \5.3[ The statement of the theorem follows from the unitary 
equivalence of Lq and Tr, Theorem 11.61 £ind the fact that the Miura map r i-^ 
rx + r^ maps smooth solutions of niKdV to smooth solutions of KdV. □ 



6 Evolution of generalized eigenfunctions 

In this section, we consider the family of first-order differential operators 
Q\{t) — (4A -I- 2q{t, x))dx — Qxit, x), where i is a real parameter in the interval 
/ = (a, 6), A is the spectral parameter and q{t,x) is a solution of the KdV 
equation in 0/3(1 x M) with /3 < 1 or in 0/3(7 x K) with /3 < 1. We then prove 
that for any t' , t" in / the solution operator corresponding to the family of 
evolution equations induced by Qx{t), transforms any complete orthonormal 
system of generalized eigenfunctions of the operator L{t') to such a system for 
the operator L{t") fTheorem l6.2l) . Moreover, in Proposition IG . 61 below, we prove 
that the solution of the evolution equation involving the third-order differential 
operator A{t) appearing in the classical Lax pair for KdV (see (j64p ). can be 
obtained in terms of the solutions of the one-parameter family of first-order 
evolution equations ipt — Q\{t)'ip where A G M is a spectral parameter. 

Assume that g is a solution of KdV satisfying either q £ Of3{I x M) with 
f3 < 1 01 q E op(I xM.) with (3 < 1 where / = (a, b), — oo < a < b < +oo and for 
convenience, € (a, 6). Let us consider the family of the first-order evolution 
equations 

Mt) = Qxmit) (72) 
^\t=o = ^0 (73) 

where A G M is a parameter. According to Lemma lA. 11 for any ■00 G C°°(M), the 
initial value problem ([72 |) - ((73|) has a unique solution in C°°(I x M). Moreover, 
if the initial data ipo lies in the Schwartz space S{M.) then ^{t) G S{M.) for any 
t G /, and ■0 G C^{I,S{R)) (see Lemma [0]) . 
Consider a Hilbert-Schmidt rigging 

n+cn = L^iR) C H-, 

associated to the Hilbert-Schmidt operator 

K : L^{R) ^ L^{R), K := {-d^ + x^)-', 

with some s > 1/2. Recall that Ti.+ := K{H) and the norm || ■ ||+ in Ti.+ is 
defined by 

\\Kh\\+ = \\h\\ vh G n, 
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whereas Ti- is the dual to 1-1+ (see [TJ Supplement 1, §3, 4]). One has the 
following chain of continuous embeddings 



S{M) c c l2(m) C C 5'(M) 



(74) 



where 5'(]R) denotes the space of tempered distributions. It follows from [1] 
Supplement 1, §7] that there exists a complete orthonormal system of general- 
ized eigenfunctions 



of i(0) with generalized eigenvalues A(m), m G M, on a measure space M 
with the measure /i. By definition, the functions (j75p constitute a complete 
orthonormal system of generalized eigenfunctions if the following two properties 
hold (cf. [H Supplement 1, Definition 2.4]): 

(i) for any /i+ G the function m ^ {h+. ■i/j{m)) on Af belongs to L'^{M, ^); 

(ii) the map h+ ^ F{h^), F{h-f^)('m) := (h^,'ijj(m)), extends to a unitary 
operator TL ^ [M, fi) . 

Here and below we use the notation (■, ■) for miscellaneous sesquilinear dual- 
ities which extend the usual L^-inner product by continuity. So these dualities 
are linear with respect to the first argument and antilinear with respect to the 
second one. The unitary transform F : 7i — > (M, /i) is called generalized 
Fourier transform corresponding to the system (|75p . Note that the functions 
ip{x,m) are smooth in x and satisfy the relation 



where L{0) is the differential operator —d^ + q{0, x). 

Remark 6.1. It follows from (j76l) and the construction of generalized eigen- 
functions in 12 Supplement 1,^ 5] that the multiplicity of the spectrum of L{0) 
is at most two. Hence we can choose M to be the disjoint union of two copies 
o/ K, M = R U R, with positive finite Lebesgue-Stiltjes measure on each of the 
two copies. 

Theorem 6.2. Denote by ^p{t, x, m) the solution of the initial value problem 
(|72|) - ()73p with the initial data ipoi^) = il}{x^m) and A — A(m). Then for any 
t G I, {ip{t,x,m) \m £ M} is a complete orthonormal system of generalized 
eigenfunctions of the operator L{t) on the measure space M with the same mea- 
sure II and the same generalized eigenvalues A(m). 



To prove Theorem 16. 21 we first need to consider the linear evolution equation 
in 5'(M) 



{iP{x, m) I m e M} C C"^(M) nH- C 5'(R) 



(75) 



L(O)'0(m) = A(m)'0(m) 



(76) 



(77) 
(78) 
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where A{t) : S'{M.) S'{M.) denotes the extension by continuity of the operator 
dMl) from 5(]R) to 5'(M) i.e., V V e 5'(R) and V^s e 5(R), — 
(V', where A*(t) is the formal adjoint to A{t), which coincides with 

—A{t), and the derivative ipt = dijj/dt is understood in the weak topology of 
5'(M). 

Lemma 6.3. The initial value problem (j77p - (|78p has unique solution in iS'(M). 

Proof of Lemma 1 6. 3[ Let us first prove the existence. Consider again the 
operator 168]) extended by continuity to an isometry in L^(]R). Then define the 
curve 

: / ^ 5'(R), t ^ *(t)V'o e S'{R) (79) 

where {^{t)x,'p) ■= (x,*(t)», Vx G 5'(R), G 5(R). The operator ^*{t) : 
^ L'^(R) denotes the adjoint operator of : ^^(R) L'^(R) with 
respect to the L^-scalar product and, as '^{t) is unitary, coincides with \E'(t)~^. 
For any test function ip G S{M.) one has 

Hence, V(0 is a solution of ((77| - ((78l) . 

The uniqueness follows from Holmgren's principle and the existence of a 
solution t/j G C^(/,5(R)) of the initial value problem 

for any to e I { 4, Theorem 2]). □ 
In addition we need to consider the initial value problem in iS'(R) 

Mt)^QxitMt) (80) 

^|t=o = ^0 e 5'(R) , (81) 

where Qx(t) is the extension by continuity of the differential operator Q\{t) : 
S{M) 5(R) to an operator on 5'(M). Arguing as in the proof of Lemma [^751 
one shows the following lemma. 

Lemma 6.4. The initial value problem (j80p - (|8ip has unique solution in iS'(M). 

Finally, for the proof of Theorem 16.21 we will need the following result on 
unitary equivalence. Let Li and L2 be self-adjoint operators on a Hilbert space 
Ti. Let 7i+ C 7i C 7i_ be a rigging associated to a Hilbert-Schmidt operator 
K -.n^n and let 

{V'i(to) |to G M} C H- 

be a complete orthonormal system of generalized eigenfunctions of the operator 
Li with generalized eigenvalues A(m), m G M, on a measure space (M, /i). 
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Lemma 6.5. Assume that the operators Li and L2 are unitarily equivalent via 
the isometry ^ : 7i — > 7i, and define the system {'(/'2(™) ■— I ™ G M}, 

where (*x,0) — (x,*"V). Vx £ \/(t> G T/ien {■02M |rn e M] 

is a complete orthonormal system of generalized eigenf unctions of the operator 
L2 on the same measure space {M, fj,) and with the same generalized eigenvalues 
A(m), m ^ M (with respect to the rigging '^{7i+) C 7i C ^'(J-C-)). Moreover, 

i^2(0) (82) 

where Fi and F2 denote the generalized Fourier transform corresponding to the 
system {ipi{m) \ ni G Af} and {"02 (^) I ^ G M} respectively. 

Proof of Lemma 1 6. 5\ The proof of the lemma is straightforward. Indeed, for 
any Lp G 7^+ one has a.e. on M, 

F2(*M)(m) = («'(^),02(™)) - («'M,*(^i(m))) ^ ((^,^i(m)) = F^{ip){m) . 

In particular, one gets that for any G ([82| holds. The latter relation 

proves that the generalized Fourier transform F2 : 5'(7i+) L'^{M,^) can be 
extended by continuity from '^{'H+) to an isometry F2 : H L'^{M,fi) that 
satisfies ([5^ for any (j> ^ H. In particular, we get that 

^2^^ o A o = * o (i^r^ o A o i^l) o ^-"1 = * o Li o ir-l = Li 

where A is the multiplication operator by A(m) in L^(Af, /i). This completes the 
proof of the lemma. □ 

Now we are ready to prove Theorem l6.2l 

Proof of Theorem \ 6/A Assume that il}{t,x,m) is the solution of the initial 
value problem ([7^ - ([75)) with the initial data ip{x,m) and A = A(m) where 
ip{x,m) G 5'(R) n C°°(K) is a generalized eigenfunction of L{0) with the gen- 
eralized eigenvalue A(m). Then / S'{M.), t ip{t,m), is the solution of (|80p 
with initial data ip{m). Using the commutator relation ([5^ with A = A (to) and 
arguing as in the proof of Proposition 12.21 one shows that Lx(m){t)'4'{t,rn) — 0. 
The latter together with the relation A{t) = Q\{t) + 4dx o L\{t) applied for 
A = A (to), implies 

m)t = (5A(m) {t)'^{t, to) = {A{i) + 44 o Lx(m) (O)V'(i, to) 
= A{t)%lj{t,m) 

where dx and iA(r?x)(i) ^I'e the extensions by continuity of the differential op- 
erators dx and Lx(^„i){'t) respectively. Hence, t il;{t,m) solves ((77)) - ((78| with 
initial data ipo — ip{m). By Lemma [6.31 and ([75)1 . we get that 

V'(i,m) = *(t)(V'(m)). (83) 

By the proof of statement {ii) of Theorem 11.61 (see Section [5]), \E'(t) : L^(R) — > 
L^(R) is a unitary equivalence of the operators L{0) and L{t). One then con- 
cludes from ((83)l and Lemma [6T5l that {ip{t, m) | m G M} is a complete orthonor- 
mal system of generalized eigenfunctions of L{t) corresponding to the rigging 



26 



of L^(R) obtained by shifting the rigging ([71]) via the isometry ^{t) : 

L^{R). □ 

Denote by F{0) the generahzed Fourier transform corresponding to the com- 
plete orthonormal system ((75)) . so that for any initial data -00 G '5(M), 

Mm) (i^(0)V'o)(m) = / ^{x,m)Mx)dx. (84) 

Jr 

Let F{t) be the generalized Fourier transform corresponding to the system 
{ip{t, m) I m G M}. 

With the notation of Theorem 16.21 we have the following Corollary. 

Corollary 6.6. For any -00 G 5(R), the function 
is a solution of the initial value problem (|66 |) - (|67p . 

Remark 6.7. The solution obtained in Corollaru \6.6\ is unique in view of the 
discussion in the paragraph following (j66p - (|67p . 

Proof of Corollary \6.6[ As ^'(i) : L^{R) L^(M) is a unitary equivalence of 
the operators L{0) and L(t), it follows from ^ that F(0) = o ^i{t). The 
latter relation leads to 

0(i; 0o) = ^^W"' ° ^(0)00 = W o {F{t) o *(i))0o = *W^o ■ 
As Vl'(i) is the evolution operator of (|66|l . 0(i;?/'o) solves (j66|) -(j67 | . □ 

Remark 6.8. follows from the construction of generalized eigenf unctions of 
a self-adjoint operator in |I1 Supplement 1, Theorem 2.1] that there exists an 
isomorphism U{t) : L^(]R) L^{M,)£) that transforms the system of generalized 
eigenf unctions {ip{t,x,m) \m S M} into a system of delta functions {xiv, ™) ■= 
dmiy) \m G M} on M. (The delta function 5m is defined for almost every 
m 6 M, and dm G (-^(0)('W+))' (see below).) The generalized Fourier transform 
ipQ of the initial data -00 belongs to the space F(0){Ti.^) that corresponds to 
the Hilbert-Schmidt rigging F{0){'H+) C L'^{M,fj.) C (F(0)(H+))'. Arguing 
as in the proof of JJl Supplement 1, Theorem 2.1], one sees that the system 
{x(y,™) |™ G M} is contained in the dual space to F{0){T-C+). Moreover, a 
trivial computation in the 'model space' L'^{M,^) leads to the relations (|84p 
and 

(F(t)"^0o)(a;) = / 'ip{t,x,m)^po{m)dfj.{m), 
J M 

where the integral makes sense as a continuous extension of the scalar product 
on {M,fi). 
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Remark 6.9. Corollarv \6.6\ shows that the solution of the evolution equation 
(|66p involving the third-order differential operator A{t) (see (j64[) ]. can be ob- 
tained in terms of the solution of the evolution equation (I72p - (|73p involving the 
first-order differential operator Q\{t) = (4A + 2g(i, x))dx — qx{t, x) with param- 
eter A G M, provided we know the spectral decomposition of the operator L{0). 

Remark 6.10. There is another way to understand what ip(x,m) is. We will 
assume that M — RUR, a disjoint union of two lines R, is a measure space 
with positive finite Stiltjes measures on the lines (which is enough for us). Then 
the Schwartz space S(R. x M) is well defined, and so is S' . Also the Schwartz 
kernel theorem works as well, and it implies that every continuous linear operator 
from iS(R) to S'{M) or from S{M) to S'{M.) (where S' in both cases should be 
considered with the weak topology), can be uniquely presented by a Schwartz 
kernel from S'{M x M) or S'{M. x M) respectievely. In particular this is true for 
all bounded linear operators from L^(R) to L'^{M) or back. 

Vice versa, any distribution from S'{M x R) (or iS'(R x M) ) naturally de- 
fines a continuous linear operator from S(R) to S'{AI) (or S{M) to 5'(R) re- 
spectively). 

Now it is easy to see that ip — ^p{x, m) is a tempered distribution which is the 
Schwartz kernel for the unitary operator F ( the generalized Fourier transform ) 
from L^(M) to L'^(M), and ipix,m) is the Schwartz kernel for F^^ . 

A Appendix: Global solutions of a linear first- 
order PDE 

In this appendix we state and prove, for the convenience of the reader, a result 
on the first-order linear PDE, used in the main body of the paper, 

Ut(t, x) — a(t, x)ux{t, x) + b(t, x)u(t, x) (85) 
u\t=o = ^(x) (86) 

where ip G C°°(R), a,b E C°^{M. x R), and a grows for x ±oo at most linearly. 
In addition, we prove three technical lemmas used in the proof of Theorem 11.11 

Lemma A.l. Assume that for any T > there exists a constant Ct > such 
that for any |a;| > 1 

Ht,x)\<CT\x\ (87) 
uniformly for t G T, T]. Then 

(a) for any initial datum G C°°(R) there exists a unique global (in time) 
solution u G C°°(M X M); 

(b) if ip{x) > Va; G M then u{t, x) > Vt, a; G M. 
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Proof. Clearly, the equation (j85p can be rewritten in the form 



X{u) = hu (88) 

where X :— dt — adx- Consider the ordinary differential equation 

x = -a{t,x), (89) 
xlt^o^xo- (90) 

It follows from (j87|) that if a solution x{t,xo) of ([89|) -([90 |) is defined on the 
interval t e {—T, T) for some < T < cx) then it satisfies the a priory estimate 

sup \x{t,XQ)\ < {1 + \xo\) e^^^ . 

\t\<T 

In particular, the latter estimate implies that for any xq G M, there exists a 
unique global (in time) solution x{t, xq) of To prove uniqueness of a 

solution of ([55)1 - ([5S)) . assume that u — u{t,x) is a smooth solution. It follows 
from ([88]) that for any xq G M, the function v{t) :— u{t, x{t)) with x{t) := x{t, xq) 
satisfies the differential equation v{t) = b{t,x{t))v{t), hence 

u{t, x{t)) = iP{xo)e^^ (91) 

As for any given t G M, the transformation M ^ M, i-^ x{t,xo), is a diffeo- 
morphism, formula (|9T|) defines u{t,x) uniquely. At the same time, (|9T|) defines 
a smooth global in time solution of ([55)) - l|55|) . This proves claim (a). Claim (6) 
also follows from (pij) . □ 



Remark A. 2. Let a{t,x) = for \x\ > 1, where a > 1. Then solutions 
of Ii89\} can blow up in finite time. Moreover, one can show that a solution of 
(|85|) - ((86| is not necessarily unique. This shows that assumption |($7| ) is essential 
claim (a) to be true. 

In the remainder of this appendix, we prove, as advertised, three technical 
lemmas used in the proof of Theorem 11.11 and Theorem 16.21 As above, 5(M) 
denotes the space of functions / : R — > M of Schwartz class. 

Lemma A. 3. Assume that q{t,x) G Ss(R x R) with S < 1. Then the initial 
value problem Il50\) - I[5l]) with rj G iS_oo(R x R) and sq G 5(R) has a solution in 
5_oo(R X R) which is unique in C°°(R x R). 

Proof. The initial value problem ((50|) - ((5T|) can be rewritten as 

X{s) = (92) 
s\t=o = so (93) 
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where X{t,x) :— dt ~ 2q{t,x)dx and X{s) denotes the derivative of s with 
respect to the flow of the vector field X. Denote by ^{t\tQ,xo) the solution of 
the ordinary differential equation 

i = -2g(t,x), (94) 
x\t=to = a^o- (95) 

If to = we denote the corresponding solution ^(t;0, xq) by ^(i, zq). As q S 
Ssi^ X R) and 5 < 1 it follows that for any < T < oo there exists Ct > 
such that for any |a;| > 1 and t G [— T, T] 

\q{t,x)\ <Ct\x\ . (96) 

In particular, (I96p implies that the solution (,{t;to,Xo) is defined for any < G R. 
As q{t, x) is C°°-smooth in (t, x), the solution ^{t; to, Xq) is unique and depends 
smoothly on the initial data {to,xo). Moreover, for any given to,t R, t > to, 
the transformation a;o ^ C(^; ^Oj xq), M — > M, is a diffeomorphism. Let s{t, x) be 
a smooth solution of ([^^ - ([M]) . Then the function s{t) :— s{t,£,{t,xo)) satisfies 
the differential equation s = r]{t,^(t,xo)). In particular, 

s{t, C{t, xo)) = .so(a;o) + / vir, ^{t, xq)) dr. (97) 
Jq 

Hence, the smooth solution s{t,x) of is defined uniquely by the right 

side of ([57)1 . Equation ([57)1 can be rewritten in the form 

s{t, x) = so(C(0; t, x)) + f 77(t, ^(t; t, x)) dr . (98) 
Jo 

Using that sq G 5(K), V ^ S-^{R x R) together with ^ and Lemma 1X4] (a) 
stated below one easily gets that for any < T < oo and for any fc > there 
exists a constant Ctm > such that for any t G [— T, T] and any x with > 1 



\s(t,x)\ < CT,k\x 



-fc 



Differentiating equation ()98p with respect to t and x, we obtain that for any 
fc, Z > 0, the partial derivative d^d\.s{t, x) is a finite sum 

a,'=5Ui,x)=^5,(t,x), 

where the terms Sj{t,x), with the help of Lemma [A. 41 below, can be shown to 
be of the form Sj {t, x) — Pj {t, x)Qj {t, x) with Pj G iS_oo (R x and Qj growing 
at most polynomially in x uniformly on compact sets of t. In particular, we get 
that the solution s(t, x) of the initial value problem ([50)) - ([5T)l lies in iS_oo(KxR). 
The uniqueness of the solution follows from the same arguments as in in the 
proof of Lemma lA.ll □ 

The following lemma is used in the proof of Lemma IA.3I We use the same 
notation as in the proof of this lemma. 
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Lemma A. 4. Assume that q{t, x) E Ss{M. x R) with 6 < 1. Then the following 
statements hold: 

(a) For any < T < oo there exist constants Ci — Ci{T), C2 = C2{T), 
< Ci < C'2, and N = N(T) > such that for any t,t' £ [-T,T] and x 
with \x\ > N 

Ci\x\<Ut-t',x)\<C2\x\. (99) 

(h) For any < T < 00 and for any k,l,m > with k + I > I, there exists a 
constant C'T.k,i,m > such that for any t, t' £ [—T, T] and x with \x\ > 1 

\d^dl,d:'^{t;t',x)\ < CT,k,i,m\x\'-^ . (100) 

(c) For any < T < 00 and for any m > there exists a constant CT,m > 
such that for any t,t' G [— T, T] and x with \x\ > 1 

|a;"^(i;t',a;)| <Ct,™|x|1-" . (101) 

Proof Let R{t,x) := -2q{t,x). Clearly, 

R e SsOSL X M), S < 1. (102) 

(a) As i?(t, a;) satisfies for any given < T < 00 the growth condition ([TO)) 
for X > 1 and \t\ < T with some constant Ct > 0, the solution ^(i; t' , x) (defined 
globally in time) of the ordinary differential equation 

^ = i?(t,0 (103) 
eit=t' = X (104) 

satisfies for any a; > 1 and t,t' G [— T, T], 

-Ct < i/^ < Ct 

or 

<^(i.t'^^) <2.eCT|t-t'|_ 

Hence, for any x > N := e^*^^^ and t,t' G [-T,T] one has 

xe ^^^^ <at;t\x)<xe^^^^. 

Similarly one argues for x < —N to conclude, altogether, that 

e-'''^^\x\<m;t',x)\<e'^-^\x\ 

for any t, t' G [-T, T] and any > N. 

(6) First define a class of continuous functions = S*(M^). By definition, a 
continuous function / : R'^ — > R is an element in B^{M.^) iff for any < T < 00 
there exists a constant Ct > such that for any t,t' G [—T,T] and > 1 

\fit,t',x)\ <CT\xf. 



31 



We start by proving that for any k,l,m > with fc + ^ > 1 the function 
d^d\,d™S^{t]t' ,x) belongs to . For this purpose it is convenient to consider 
instead of p03p - (|104p the ordinary differential equation 

y^R{t + t',y) (105) 
y\t=o = X (106) 

where we consider t' G M as a parameter. Clearly, 

y{t;t\x)^i{t + t';t',x) (107) 

where £,{t\t' ,x) is the solution of (fTU5)) - piH|) . Hence d^dl,d^^{t;t' , x) e if 
and only if 

d'ld\.d^y{t-t\x)^B'. (108) 

We will prove (|108p . As, by assumption, R e ^^(R x R), the equation p05p 
together with the lower and upper bounds in imply that yt{t;t',x) e B^ . 

Differentiating (|105p - (ll06p with respect to x, we obtain that yx{t;t',x) sat- 
isfies the differential equation 

{yx)t = Rx{t + t',y)y, , (109) 
yx\t=o^l (110) 

hence, 

ya^it] t', X) = e-l'o RAr+t' ,y{r;t' dr 

As Rx € Ss-i{M. X R) with 5 — 1 < we get from claim (a) that for any 
< T < oo there exists a constant Ct > such that \/t, t' G [—T, T] and any 
X G R one has that 

\yx{t;t',x)\<CT . (112) 
Analogously, differentiating (|105p - (|106p with respect to the variable t' one gets 

iyt')t = Rx{t + t', y)yt. + Rt{t + t', y) , (113) 
yt'|t=o=0. (114) 

By the method of the variation of parameters, one obtains that 

y^, {t; t', x) = {J^ Kr)e- "^"^ ''^ dr^ eJ'o -^("^ ''^ (115) 

where a(t) = a{t, t' , x) := Rx{t + t' , y) and h{t) = bit, t', x) := Rt{t + t' , y). As 
Rx e 55_i(R X R) and Rt e ^^(R x R) we get that a g h e B^ . Using 

(jllSp and (5 — 1 < one concludes that y^ G B^ . Differentiating successively 
(|105p - (jl06p with respect to the variables t' and x one obtains an equation of the 
form 

{d\,d^y)t = Rx{t + t\y){d\,d^y)+B(t,t',x) 

where the inhomogeneous term B is an element in B^^™'. Hence, arguing as 
above, one concludes that dl,d^y(t;t' ,x) e B^^™. 
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In order to prove that 

d^idl,dTy{t;t',x))eB'-"^ (116) 

for any fc > we use induction in k. By the considerations from above (jll6p 
holds for k = 0. Assume that A: > 1 and d{dl,d^y G B^'"" for < j < A: - 1. 
Differentiating equation (|105p with respect to t', x, and i we obtain 

{dt'dl,d!^y)t = 9,''^-ia^,a,"(i?(t + t', y)) 

= R^{t + t',y){d1-'d\,ff:y) + B{t,t',x). (117) 

Using once again together with the induction hypothesis one proves that 
the inhomogeneous term B is in B^~"^. As Rx & B^"^ with S — 1 < and 
d'^-^d\,d^y € S"^"" by induction hypothesis, formula pTT]) implies pi^ . 

(c) Statement (c) follows from ([11]) (for m = 0), (|112p (for m = 1) and then 
by differentiating (|llip and using that R^x G 55-2 (K x M) (for m > 2). □ 

Let / C M be a finite or infinite open interval in M. Arguing as in the proof 
of Lemma IA.3[ one proves the following lemma. 

Lemma A. 5. Assume that a £ Of}{I x M) and b G Op-i{I x M) with P < 1. 
Then the initial value problem (|85p -(|86 p ip G iS(M) /ia.s a solution u G 

5_oo(/ X R) t/iai is unique in C°°{I x M). /n particular, u G C^(/,5(R)). 

B Appendix: Synopsis of some results on KdV 

For the convenience of the reader, we state in this appendix the results on the 
existence and uniqueness of solutions of the KdV equation 

qt - 6qqx + qxxx = (118) 
g|t=o - 90 (119) 

proved in [5J [3J |31 [S] which we use in the main body of the paper. 

Following earlier work of Menikoff [18] , the authors of (Sj [^ prove (among 
other things) the following theorem: 

Theorem B.l. For any /? < 1 and for any initial data qo G iS/3(M) there exists a 
global (in time) solution q £ Sp{MxM.) of the initial value problem ill8\) - l!TT^) . 

Completing results of Menikoff [TB] the following uniqueness theorem is 
proved in flj, by use of a version of Holmgren's principle. 

Theorem B.2. For any T > 0, there is at most one solution of I1118\) - I!TT^) in 

the classes of functions q G C°°([0,T] x R) such that 

q{t,x) ^ o{\x\) and (9^'g(t, x) = 0(1) Vfc > 1 
uniformly in t £ [0, T] . 
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In [S] the following theorems are proved: 

Theorem B.3. For any (3 < 1 and for any initial data qo £ 0^(R) there exists 
a global in time solution q G 0/3 (K x M) of the initial value problem ill8\) - l!TT^) . 

Theorem B.4. For any /3 < 1 and for any initial data qo € 0/3(M) there exists 
a global in time solution q d op{RxR) of the initial value problem I1118\) - I!TT^) . 

Remark B.5. According to Theorem \B.B the solutions in Theorem \B.l[ 
and \B.4\ are unique in the corresponding classes. 

Remark B.6. It is likely that the methods developed in fEl-fS^ can be used to 
prove Theorem ] 1. 11 \1.2l and \1.3[ However, the proofs will be much more difficult 
than the ones presented in this paper. 
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